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ABSTRACT 

For a quantum Lie algebra T, let T A be its exterior extension (the algebra T A 
is canonically defined). We introduce a differential on the exterior extension 
algebra T A which provides the structure of a complex on T A . In the situation 
when T is a usual Lie algebra this complex coincides with the "standard com- 
plex" . The differential is realized as a commutator with a (BRST) operator 
Q in a larger algebra r A [f2], with extra generators canonically conjugated to 
the exterior generators of T A . A recurrent relation which defines uniquely 
the operator Q is given. 
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1. A quantum Lie algebra ]T||, 0, ||, || is defined by two tensors and 
a mk (j nc }i ces belong to some set j\f, say, Af = {1, . . . , N}). By definition, the 
matrix <r™ fc has an eigenvalue 1; one demands that (-P(i))™ fc C^ k = 0, where 
P(i) is a projector on the eigenspace of a corresponding to the eigenvalue 1. 

By definition, a quantum Lie algebra T is generated by elements Xi-> i = 
1, . . . , N, subjected to relations 



Xi Xj ~ < fc X™ Xk = C% Xk- (1) 



Here the structure constants obey 



fP fl — n mk rip ril _i_ /~tp ril 
^rai pj ij nm pk ' ij np 

r ,<1 l r< <4 l — ~ r» <:L l r< <4 l _l r< <3 l r< <4 l 

^ °|12> °|13> _ °23 <^|i2> ^|13> "+" °|23> °|13> ' 



(2) 



r<k jm sj nk /im /nf<l| „ „ „ /"<<3| /Q\ 

^ni a kq — a iq a ns ^ kj & ^ 1 12> CT 13 ~ ^23 ^12 ^ | 23> , (dj 



'ni^fcg - u iq u ns^kj w ^ 1 12> 01 13 ~ 01 23 " 12 ^ | 23 > > 

/'--PJ /^n _|_ fn /nrj \ ^.fcs _ ( fjP s C k _|_ A fc ^ 

v^im qp "i - q im) nj u qi \ u nm jp ' j nm) 

^ (°"23 C|i2> + C|23>) °"13 = Cr 12 (°23 C|i2> + C|23>) ' 

The matrix <r™ fc satisfies the Yang-Baxter equation 



(4) 



^3132 n 2 k 3 k x k 2 _ j 2 j 3 k x n 2 k 2 k 3 j. rrrrfT _ rrrrrr (c\ 
a hi2 a j2i 3 a jm 2 — a i 2 i 3 a hj 2 a n 2 j 3 ^ ^12^23^12 — ^23^12^23 • (&J 

In the right hand side of ©-(§) we use FRT matrix notations ||; {1, 2, 3, . . .} 
are the numbers of vector spaces, e.g., f\ := /j* is a matrix which acts in 
the first vector space. Additionally, we use incoming and outcoming indices, 
e.g., fi <x ' := Vt l1 and 7|i> := 7^ denote a covector with one outcoming index 
and a vector with one incoming index respectively. Thus, in this notation, 
the matrix f x can be written as fi = /h>. 

Remark. Quantum Lie algebras defined by equations (0)-(0) generalize 
the usual Lie (super-) algebras. Indeed in the non-deformed case, when 

a™ k = (-l)W(^J*^ 

is a super-permutation matrix (here a 2 = 1 and @ is fulfilled; (m) = 0, 1 is 
the parity of a generator Xm), equations ([I]) and (0) coincide with the defining 
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relations and the Jacobi identities for Lie (super)-algebras. Equation (|3|) is 
then equivalent to the Z 2 -homogeneity condition Cj fe = for (z) 7^ (j) + (k). 
Equation (||) follows from (|3|). 

2. The exterior extension T A of the quantum algebra T (JJ) is obtained 
by adding new generators 7^, i = 1, . . . , N. The generators 7$ form a "gener- 
alized" wedge algebra. The definition of the wedge product of the elements 
7i is 

7|i> A 7| 2 > • • • A 7| n> = 7|!> ® 7| 2> . . . <g> 7|„> . (6) 

Here the matrix operator A\^ n is an analog of the antisymmetrizer of n- 
spaces. This operator can be defined inductively (see e.g. 0) 

A^ n = (l + E ("1)""* **-nJ (7) 

where, for n > k, 

®k^n '■= Cfck+l °~k+lk+2 ■ ■ ■ °n-ln • 

Using the Yang-Baxter equation (|5|) one can rewrite (|?|) in the following three 
equivalent forms 



n— 1 

Ax_ n = Ai_ n _! 1 + J2 (-l) fc (7fe+i^j 



\ fc=l 

n— 1 \ / n— 1 



\n—k _ 



= 1 + E ^+1-1 = A 2 ^ n 1 + E 

V k=l ) \ k=l / 

where 

Cn<-fc := °n-\n ■ ■ ■ a k+lk+2 Cfcfc+l 

for n > k. 

If the sequence of operators Ai^ n terminates at the step n — h + 1 
7^ and Ai^ n = for n > h) then the number h is called the height 
of the operator a. 

The cross-commutation relations between the generators 7, and Xj are: 

7|1> X\2> = (0"12 X|l> + C|12>) 7|2> • (8) 

The algebra T A is graded by the degree in the generators of 7$. 
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3. We further introduce a set of generators {O 1 }, i = 1, ... ,N, canon- 
ically conjugated to the generators 7«. The generators fl l form a "wedge" 
algebra as well, with the wedge product defined by 



n <rl a n <r ~ 11 a ... a n <11 = n <rl ® fi <r - x| ® . . . ® fi <x| . (9) 

Here operators v4i^„ are the same as in (|7]). 

The commutation relations between Q l and 7j are 

l3 n* = -fi p Is + 5)^ 7 |2> fi <21 = -fi <l! ^ 7|i> + /a • (10) 

Finally the commutation relations between Q l and Xj are 

x l2> n<*\ = n< l \(a 12Xll> + c<l). (ii) 

We denote the algebra generated by {xi}, and {fi fc } by r A [fi]. The 
algebra r A [f2] is graded by the rule: deg (71) = 1 and deg (Q 1 ) = —1. 
We shall need the following set of consequences of the equation (|10|): 

7|i> A ... A 7 |r> ^ <r| = (-l) r fi <01 a;l 7|o> A ... A 7 |r-i> 



+ (£ (-iy~ k a;l k ) 7|!> A ... A 7|,-i> , (12) 

k=l 

where a~l k := . . . a~l lr and := 1 . 



4. The main result of the present paper is a recursive formula for the 
BRST operator Q which satisfies Q 2 = 0. 

Such an operator endows the algebra T A with the structure of the dif- 
ferential (chain) complex. To construct the differential (starting with the 
operator Q) one needs first to define the action of the algebra r A [f2] on the 
algebra T A . The elements x% an d 7j act on T A by the left multiplication. To 
define the action of generators Q l on T A it suffices (due to relations fllCf) and 
(|ITD) to know fi J (l), where 1 is the unit element of the algebra T A . We set 
fi*(l) = 0. The definition of the differential d is given by its action on an 
element <fi of the algebra T A , 

#=[Q,</>] ± (1), (13) 
where [, ] ± is the graded commutator. 
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Now we are ready to formulate the main Proposition. 

Proposition. The BRST operator Q for the quantum algebra has the 
following form 

h-1 

Q = n i Xl + J2Q(r) > (14) 

r=l 

where h is the height of the operator Ai_> n (Qj. 
Here the operators Qi r ) are given by 

Q (r) = n«-\ . . . n<^ .V . 7|J> . . . T|f> (15) 

(the wedge product is implied); -^h 1 * r *+i> are tensors which satisfy the follow- 
ing recurrent relations 

Al^r+l ^|l. 1 .'r'+l> Al-*r = ^l^r+l (( — °V+1<-1 ~ 1) -^|2. 2 .'r'+l> ^2-+r (16) 

with the initial condition A^X^^ = — C'^ > . 
Proof. We have to verify the identity 

Q 2 = (^ <21 X|2>) 2 + [^ <21 X|2> , E Q(r)U + (E ^W) 2 = • (17) 

r=l r=l 

Because of the lack of space we shall check a part of this identity which 
includes the linear in \ terms only. 
First of all we find (see (0)) 

(ft< 2 ' X | 2> ) 2 = ft< 2 ' (fi< 1 l (a 12 X \v> + C<1) ) X \2> 
= fi< 2 l ® fl^l <r 12 C<J X |2> + fi <21 ® ^ (1 - cr) 12 Cjg, X |2> (18) 

= fi <2 i®fi <1 iq< 2 2 Ui2>- 

Consider then the anticommutator [Q <2 ' X|2>> Q(r)] + i n which we commute all 
Xi to the right and extract only the terms which are linear in the generators 

[Q(r), f2 <r| X|r>]+ = ^ <r+1 ' X\r+l>Q(r) + Q(r) X\r> 

5 



= n< r+1 \ . . . fi<°l (a r+1 ^ + (-l) r l) X^;;^ ^ o7 |o> • ••>-!> X\r> 

+n< r+1 \...n< 1 \x< 1 : ^ 1> (f: (-iy- k ^ 7 | 1 >--->-i>xi,>+... (19) 

(dots denote the terms independent of Xi)- Here eqs. (O), (§) and (|T2p have 
been used. 

Equations (|19"D and (|18D give the whole contribution to the x-linear terms 
in Q 2 since (Y%=1 Qo*)) 2 is independent of Xi- 

The substitution of (|T8D and (|19D produces the initial data A^X^y = 
— C|^2> and recurrent relations 

^•l-+r+l ^|l!r+l> (Efc=l (-l) r_fc O"r^fc) M-vr-l 

(20) 

= -A^ r+1 (^^ + (-lr- 1 !) x,f ;; l 1>( 7- 4 i 1 A 1 ^ r _ 1 , 

where the matrix operator A\^ r is defined in (^). These relations express 
coefficients X^"^ x> via 1 ' r '>~ 1 ' ■ 

Using an identity Ai_+ r _i = -A 2 _ >r . cr^i an d inductive relations (0) 
for the projectors A\^ r one can rewrite (|20f) in the form (0). • 



5. Comments. 



i. For general cr^ and C* k it is rather difficult to solve equations (plj) explic- 
itly. However for the case cr 2 = 1 the main equations fll~6|) become simpler 
and the general solution for Q can be found. Indeed the relation ( |16D for 
r = 2 gives 

Ai^ 3 X|i^> (1 - 0-12) = ^1^3 (^23 0-12 - 1) ^|2 3 2 > ■ 

For a 2 = 1 we have ^1^3 (023 oyi — 1) = and therefore Q{ r ) = for r > 2. 
Thus the BRST operator (III) has the familiar form 

q = n <11 X \i> - n <21 ® fi <x| cgJ, 7 |i> • 
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In the case when the matrix a is the (super)-permutation matrix the alge- 
bra T A with the differential ( |I3|) becomes the standard complex for the Lie 
(super)-algebra T (see e.g. 0). 

In general, for cr 2 7^ 1, the sum in ([14]) will be limited only by the height 
h of the operator a. 

Below we present an explicit form for Q for the standard quantum defor- 
mation T = U q (gl(N)) of the universal enveloping algebra of the Lie algebra 
gl(N) (cr 2 7^ 1 in this case). 

ii. When the algebra ([[]) is a Hopf algebra, the algebraic structure (||), (H) - 



(|TTD is related to the differential calculus on quantum groups (see @, ||, |§). 
The BRST operator Q given by (0) generates the differential d (introduced 
in 0) on the algebra dual to T A . 

6. Example. The BRST operator Q for the quantum algebra T = 
U q (gl(N)). 

The quantum algebra U q (gl(N)) is defined (as a Hopf algebra) by the 
relations H 

RL^L^ 1 = Li^L^ R , R L2 L\ — L2 L\ R , (21) 

A(L ± ) = L ± ®L ± , e{L ± ) = l, S{L±) = (L ± )' 1 , (22) 

where elements of the N x N matrices (L^)^ are generators of U q (gl(N)); 
the matrices L + and L~ are respectively upper and lower triangular, their 
diagonal elements are related by {L + )\ {L~)\ = 1 for all i. The matrix R is 
defined as R := Ru = Pyi R12 (-P12 is the permutation matrix); The matrix 
R12 is the standard Drinfeld-Jimbo i?-matrix for GL q (N), 

R * = = SfM 1 + l)^ 142 ) + (q ~ Q-'WAlG^ , 

where 

'l if i > j , 
if i < j . 

This i?-matrix satisfies the Hecke condition R 2 = X R+l, where A = (q— q^ 1 ) 
and q is a parameter of deformation. 

The generators of the algebra T are defined by the formula [10 , |TT|, 

1 

A 



jdk = -[{D- 1 ) l k -{D- l ) i i fj( l ]. (23) 
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Here = L \.S(L +l j) and the numerical matrix D can be found by means 
of relations 

Tr 2 R 12 V 23 = P 13 = Tr 2 m l2 R 23 , D 1 := Tr 2 ^ l2 => Tr 1 (D± 1 R" 1 ) = 1 2 , 

where Tri and Tr 2 denote the traces over first and second spaces. 

It is convenient to write down the complete set of commutation relations 
for the exterior algebra T A [f2] in terms of generators 



L) = {L + )lS{{L-)*) = %-\S-\ti)D 

ji Q—l(fik\ I T)j i C)k rmi 

J n — ° \Jjl I lk u n 1 10 j — "m J kj 



The indices now are pairs of indices; the roles of the elements x%i lj an d ^ fc 
are played by the generators Xp l) an d respectively 
The commutation relations are (nj, f|: 



u 2 R~ 1 u 2 R= -R- l uj 2 Rr l uj 2 , u 2 RL 2 R = RL 2 Ru 2 , (24) 

uj 2 R J 2 R + RJ 2 Rcu 2 = —R , L 2 RL 2 R = RL 2 RL 2 , (25) 

J 2 R L 2 R = R L 2 R J 2 , J 2 RJ 2 R = — R ^J 2 RJ 2 . (26) 

Now the construction of the BRST operator Q is in order. To begin we 
find the first term in the sum ([14]) : 

n k mX T = lTr q (u(L-l)) , (27) 

where we have introduced the quantum trace Tr q (X) := Tr(D~ 1 X). Then 
one can resolve the chain of the recurrent relations ([H]) where we have to 
substitute the expressions for the structure constants 

< i n \ 

0> = K (R-'Yk? (D-y o R% Dj (R- 1 )- , 

'p k 

C p = ?fl Ft 1 S m — a tp 

lim i n V I ^ m ~-> 1 

and find the set of coefficients X^"'^ x> . After straightforward but tiresome 
calculations one can obtain the following result: 

Q = Tr q (u (L - 1)/A — u L (to J) +\uL (ooJ) 2 - A 2 u L (luJ) 3 + . . .) 
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= Tr q (u (L - 1)/A -uL(uJ) (1 + XujJ)- 1 ) 

= -\Tr q {u) + ^Tr q {W) , (28) 

where W = uj L{1 + XuoJ)~ l and the sum in the first line of ( p8"D is limited 
by the requirement that monomials of u's of the order N 2 + 1 are equal to 
zero. 

One can check directly that the operator Q given by (|28|) satisfies: 

Q 2 = 0, [Q,L) = 0, [Q, J] + = i(l-L) . 

To obtain these relations one has to use identities 

Tr q (X)l 2 = Tr ql (R ±l X 2 R^ 1 ) 

and relations 

R W 2 R~ l u 2 = -to 2 R~ l W 2 R , 
RW 2 FT 1 W 2 = -W 2 R- 1 W 2 R' 1 , R' 1 W 2 RL 2 = L 2 RW 2 RT 1 , 

J 2 R W 2 RT 1 + R~ l W 2 RJ 2 = -L 2 (1 + A uJ)^ RT 1 (1 + A u J) 2 , 
which follow from (E2~4|)-(f2~6|). 

Remark. The operator Q given by (^) has the correct classical limit for 
q — > 1 (A — > 0, L ^ 1 + Ax, u — > u, J — > 7) 

Q ^ Qd = Tr{ux + 2 j) = Tr{uX - uj^uj) , 

where X:=x + cu7 + 7tl) and the classical algebra is 

[uj 2 , 71]+ = ^12 , [w 2 , = = [72, 71]+ , 

[X 2 , Xx] = P 12 (X 2 - X,) , [X 2 , Q 1 ] = 0= [X 2 , 71] • 
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